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Axioms of Set Theory

1. Axiom of Extension : Two sets are equal

if only if they have the same elements.

Axiom of Specification : To every set A
and to every condition S(x) there corre-
sponds a set B whose elements are exactly
those elements x of A for which S(x)
holds i.e.

. Axiom of Powers :

dB={xe A:S(x)}

where S(x) is being stated as to hold true.

. Axiom of Pairing : For any two sets there

exists a set that they both belong to i.e. for
sets A and B

JC:AeCand Be C

. Axiom of Union : For every collection of

sets there exists a set that contains all ele-
ments that belong to at least one set of the
given collection i.e. for a set collection ¢

JU={x:x &€ X for some X € ¢}
= U X
Xee
For each set there
exists a collection of sets that contains
among its elements all the subsets of the
given set i.e. for given set

JP(A)={X: X CA}

. Axiom of Infinity : There exist a set con-

taining o and containing the successor of
each element. (here it is customary to
define o = ¢= empty set , successor of
x=x1T =xU{x}).

. Axiom of Choice : The Cartesian product

of non empty family of non empty sets is
non empty.

Can be interpreted as : There exist a func-
tion (f) whose domain is collection of non
empty sets ({Ai}) (can be infinitely many)
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such that f(A;) € A; for each 1 (here the
function chooses an element of the set so
is called a choice function hence name of
the theorem).

8. Axiom of substitution : If S(a,b) is a
sentence such that for each a in a set A
the set {b : S(a,b)} can be formed, then
there exists a function F with domain A
such that F(a) = {b : S(a,b)} for each
a in A. (i.e. this axiom enables to make
new sets out of old sets by substituting
for old elements in the new elements, i.e.
informally any manipulations one can do
to the elements of a set yields a set).

2 Set properties and generaliza-
tions

2.1 Standard Definitions

e ComplementofsetA (A’): A/ ={x:x ¢ A},
here x is taken from set E, where a set E is as-
sumed to contain all other sets involved in the
particular needed operations.

e Subset : B is subset of A (B C A) iff x €
B=—=xcA

e Proper subset: A G Biff A C Band A B
e Union: AUB={x:x € Aorx & B},

e Intersection: ANB={x:x € A and x € B}
e Symmetric Difference : A6GB = (AUB) —

(AN B) (gives elements only in A or B but not
in both).

2.2 Laws concerning sets

e De Morgan laws :

(AUB)' =A’NB’
(ANB) =A’UB’

e Principle of Duality of sets : If in an in-
clusion or equation involving unions, intersec-
tions, and complements of subsets of E we re-
place each set by its complement, interchange

unions and intersections, and reverse all inclu-
sions, the result is another theorem (i.e. holds
true).

e Some properties :

AN(BuC)=(ANnB)U(ANCQC)
AU(BNC)=(AUB)N(AUCQC)
A—B=AnNB’
A—(A—B)=ANB
AN(B—C)=(ANB)—(ANCQC)
ANBC(ANC)uU(BNC’)
(AUC)N(BUC’)CAUB
P(ANB)=P(A)NP(B)
P(A)UP(B) C P(AUB)

3 Generalizations

3.1 Relations

e An ordered pair (a,b) can be denoted by
{{a},{a,b}}

e A relation from set X to set Y (xRy) is a sub-
set of all ordered pairs from X and Y in the
form R C {(x,y):a € Xand b € Y}

e set X is called Domain of R (Dom(R)) and
set Y is called range of R (Ran(R)).

® a Relation from X to X is called an Equiva-
lence Relation iff (if and only if) it is Reflex-
ive (xRx or (x,x) € R Vx € X), Symmetric
xRy =— yRxor (x,y) € R = (y,x) €
R) and Transitive (xRy,yRz — xRz or
(x,y),(y,z) € R = (x,z) € R).

3.2 Functions

e A function from f : X — Y is a relation
f : X to Y such that Dom(f) = X and for each
x € X there exists a unique y € Y such that
f(x) =y (i.e. xfy, , xfy, then y, = y.).

e A function x : I — X is sometimes called a
family , I is an index set, X is indexed set, i € 1
is called index and x; = x(i) and Ran(I) is of-
ten called as a family {x;} in X (here in general
I is some standard set like IN, (a, b)).



° 'LeJIAi (say for A : T € P(X)) means union of
1

range of function A (subsets of X) with domain
in I. This is often called arbitrary union.
e Similarly 'QIAi is arbitrary intersection.

1

e Laws or properties regarding unions and in-
tersections hold for arbitrary indexes.

e preimage of a function f~* : for function
f: A — B define function f~*: P(B) — P(A)
such that for every Y C B, f7*(Y) ={x € A :
f(x) € Y}
e a function is one-one iff every distinct ele-
ment in the domain is mapped to distinct el-
ement in the range i.e. f is 1 — 1 function iff
f(x,) = f(x2) <= %1 =x..
e a function f: A — B is onto iff Ran(f) = B
o f(f7*(Y)) C Y and f(f7*(Y)) = Y iff fis
onto
o X = f7*1(f(X)) and f~*(f({x})) = {x} iff f is
one-one
e for any function f : A — B and if f(A;) =
{f(a)|a € A;} then

flUA) = UT(Ay).

i€l i€l

f(NA;) C NfAy).
iel iel

f~'( U B;) = Uf *(B;).
i€l iel

(N B;) = NI *(By).
iel iel

for every 'LeJI AiCA:
1

f(NA{)= Nf(A;) < fisone-one.
i€l i€l

e f *(B—Y)=A—f*Y) (forf: A — B)
(ie. T72(YC) = (f*(Y))€ where € denotes re-
spective complements)
e forall X C A:
f(A —X) C B—f(X) iff f is one-one.
B —f(X) C f(A — X) iff f is onto.
= f(A —X) =B —f(X) iff f is bijective.
e if A and B are finite sets such that |[A| = n
and |B| = m then

s Number of functions from A — B is equal
tom"

(use : each element of A has |B| choices to be
mapped to )

m Number of one-one functions from A — B
is equal to ((7)n! = 2
(is possible iff [B| > |A], use: first choose n el-
ements from B and each of these can form n!
ordered pairs )

m Number of onto functions from A — B is
m—1

equal to Z (—1)* (m) (m—i)"

; i
1=0

(is possible iff |A| > |B])

3.3 Cartesian Product

e Cartesian product between family of sets {X; }
with index set I can be defined as a set of all
families {x;} such that x; € X; with eachi € 1
(ie. (ag as,...) ={xi} ={x(1),%x(2),...} for some
family x with index set I satisfying condition
xi € Xj)

e Usually Cartesian product of two sets can be
defined as an ordered pair itself.

3.4 Order

e Arelation R in X is called a partial order if R
is reflexive, anti-symmetric (i.e. xRy, yRx —
x = Yy) and transitive
e a partial order is total order iff
Vx,y € X xRy or yRx holds.
e a totally ordered set is called a chain.
e We can construct Natural numbers by Axiom
of infinity : defining successor set (S) as set con-
tainingo= ¢ and if n € S thennt =nu{n} e
S and (w = N U{o}) as the intersection of all
successor sets.
e Peano’s Axioms (properties of w):

1.0€ W,

2 new = ntew,

3. Principle of mathematical Induction : if
S C w,o0 € Sandif n™ € S whenever
n € Sthen S = w,

4. nT FoVn e w



5. n,me wandifnt =m* thenn=m

e A sequence is a function from w to X(any
set).

e Recursion Theorem : if a is an element of set
X and if function f : X — X then there exists
a function u : w — X such that u(o) = a and
u(n™) = f(u(n)) (i.e. there exists recursive se-
quences which can be defined from a single el-
ements of a set and a function on the set).

e if X is a partially ordered set then it can be
converted to a totally ordered one by replacing
the corresponding relation.

e if < is partial ordering of X then:

m Vx € X if x < a then a is an upper bound if
a € Xand a £x —> a=x then ais maximal
element.

e Zorn’s Lemma : if X is a partially ordered set
such that every chain in X has an upper bound
then X contains a maximal element.

e a partially ordered set X has a least element
say a if x < a for x € X then a =x.

e a partially ordered set X is well ordered iff
every subset of X has a least element

e Every well ordered set is a totally ordered.

e Well ordering Theorem : Every set can be
well ordered

(note: not every partial order can be made well
ordering but the underlying set (domain) can
be well ordered by ‘a” order).

e Principle of Transfinite Induction : If X is
well ordered set and S C X such that if all ele-
ments s < x belong to S then x € S then S =X
e Axiom of Choice <> Zorn’s Lemma <=
Well ordering theorem

e for a well ordered set W and any set X :

m for a € W, A sequence of type a in X is a
function from initial segment of a (s(a) ={b €
w : b < a} for well ordering <) into X

m eg: if U is a function from W to X then U®
which is restriction of U till s(a) is a sequence
of type a in X.

m A sequence function of type W in X is a
function whose domain is sets of sequences of
type a in X for all a in W and range is in X.

(this is sort of extension of sequences of type a
in X by adding f(s(a)) to it to elongate it).

e Transfinite Recursion Theorem : if W is a
well ordered set and f is sequence function of
type W in X then there exists a unique function
U: W — X such that U(a) = f(U9).

i.e. a recursive function exists such that its
value at a depends only on s(a) and their func-
tion values.

e Two partially ordered sets are similar if there
exists an order preserving one to one corre-
spondence and onto function between them i.e.
XY <— IH:X—=Y:alb = f(a) <
f(b), fis called the similarity.
e if f is similarity from X to Y clearly f~* is
also a similarity from Y to X.
e if fis a similarity of well ordered set X onto
itself then a < f(a) a € X
e Consequence of preceding point :

m if two well ordered sets are similar the their
similarity is unique

m any well ordered set X is not similar to any
s(a) (a € X) i.e. well ordered set is not similar
to initial segment of any of its element.

m Two well ordered sets are similar or one
of them is similar to an initial segment of the
other.

4 Numbers

e As we have defined w = IN U {0} some of the
properties of it are as follows (may not be re-
lated to ‘real world” IN at all):

mifn<mthennem
(recall that we defined n™ =nuU{n})

» from above point n contains all its predeces-
sors ({m: m<n})

m initial segmentof n = s(n) =n
(remark : here ‘n’ from definition is a set of set
of sets ... of set containing ¢, weird but holds
logically).

m if n /0 then n=m" for some m € w



4.1 Arithmetic in w

e Addition : from recursion theorem we can
find a function s, : W — w such that s, (0) =
mand sm(n) = (sm(n)) " thus m+n s just
Sm(m).

e other arithmetic operations and their usual
properties can be obtained from the already
defined addition operation and recursion theo-
rem.

4.2 Equivalence

e Two set Eand F are equivalent (E ~ F) if
there exists a one-one correspondence between
them (i.e. f: E — F such that f is bijective).

e every proper subset of w is equivalent to one
of the elements of w

e a set is finite if it is equivalent to an element
in w otherwise it is infinite

e w is infinite
5 Ordinal Numbers

e From Axiom of substitution we can extend
the set w to count beyond infinite sets like
{w,w™, (w*)*,..} can be formed

e Ordinal numbers are well ordered set & such
that initial segment of a: s(a) = a, Va € «

e clearly n € w, w, w,.. are all ordinal

numbers

e let w + n denote the nth successor of w
eg: w+2 = (whH)T = wru{w'} =
{wAw} {w,{w}h})

e the set {w,w™,(w™)™,..} is nothing but
((w™)*) = w + w infinite times denote this
set by w2

e w2+n-=((wz2")")" n times

e let w2+ w = w3 and w3+ w = w4 and so
on til we reach w then denote ww as w? and
continuing this process we get w?*w = w3 sim-
ilarly we get w® which is denoted by €, and

2

continuing the we get €,2...€,w...€>...

e ordinal numbers that are not finite are called
transfinite

e if two ordinal numbers are similar then they
are equal.

e cach element of an ordinal number is at the
same time a subset of the ordinal number

e each initial segment of an ordinal number is
an ordinal number.

e two ordinal numbers are similar or one is
similar to an initial segment of another so given
two ordinal numbers they are equal or one be-
longs to another (or subset of another).

e every set of ordinal numbers has a supre-
mum (namely the union of each of them) which
is an ordinal number.

e from above point we get : there cannot be a
set of all ordinal numbers.

e Counting Theorem : Each well ordered set
is similar to a unique ordinal number.

5.1 Arithmetic of ordinal numbers

e any collection of sets E; can be made disjoint
by defining corresponding similar sets Ei =
E; X {i} so considering only disjoint sets for op-
erations makes sense for all the operations be-
low.

e for order in EUF (E, F are disjoint sets with
order relation R, S) we take the ordered pair set
RU S U (E X F) as the defining the new order.
This is called ordinal sum

e if  and B are ordinal numbers then « +
is the ordinal number of set formed by ordi-
nal sum of sets whose ordinal numbers are
« and B ieif ord(A) denotes the ordinal num-
ber of set A then sum o« 4+ B is equal to
ord(C) = ord(A) + ord(B) for ord(A) =
a,ord(B) = B and C is the ordinal sum of A
and B.

® properties:

X+0=0+a=«
ax+1=a"
associative law holds
commutative law does not hold

(eg: 1+ w = w (as adding a distinct element to
set w in the beginning doesnt change w) but



w+1=w?' #w (as adding a adding distinct
element to set w in the end makes it have a
supremum element))

5.2 Ordinal product

e if A and B are two well ordered sets then de-
fine Ay = A X b for b € B then ordinal product
of sets can be formulated by sets {Ay, } as Carte-
sian product A X B with order (a,b) < (c,d)
means eitherb<dorb=dand a<c
e product of ordinal numbers is equal to the
ordinal number of the ordinal product of corre-
sponding sets having the ordinal number.
e properties
X0 = 0X = 0
o1 = 1 =  associative law holds
commutative law fails a(B +v) = «p + y
right distribution law fails

(eg: 2w = w (this is same as infinite sequence
of ordered pair) but w2z # w (this is same
as ordered pair of infinite sequences)), 2w =
(1+1)w = w4+ w = w2 (right distribution
fails)

6 Cardinal numbers

e For sets X, Y if X is equivalent to a subset of
Y then X <Y denote this

e Schroder-Bernstein Theorem : X < Y and
YSX <= X~Y

e Clearly < has essential properties of partial
order

e comparability theorem of sets : if X and Y
aresetsthe X <YorY <X

e let X < Y mean X < Y and X is not equiva-
lentto Y

e a set X is countable if X < w or X ~ w
(countably infinite)

e Cantor’s theorem : X < P(X) for every set X

e a cardinal number is an ordinal number «
such that if B is an ordinal number equivalent
to x then x < B3

e ordinal number of a set is not unique (it
changes with the order)(eg if in the set w we
to be order it to have 1 as a supremum, and
all others elements with same ordering as in w
then ordinal number of this new well ordered
setis w™)

e let cardinal number of the set X (=
card(X))be the least ordinal number it is
equivalent to (this is possible as we can well
order a set of ordinal numbers)

e card(X) =card(Y) <— X~Y

6.1 Cardinal arithmetic

o If A and B are disjoint sets, card(A) =
aand card(B) = b the a+ b = card(A UB)
this defines addition of cardinal numbers

e cardinal addition obeys most laws of ordi-
nary addition

e a.b = card(A X B) defines cardinal multi-
plication

e this too obeys most laws

e now if a is finite and b is infinite then
a+b=b,b+b=bandb.b=D>

e since ordering of ordinal numbers is same
as that for cardinal numbers we cannot have a
largest cardinal number nor the set of all cardi-
nal numbers

e a <2 for any cardinal number

e the smallest transfinite ordinal number is the

cardinal number of set w it is denoted by X,
e clearly X, < 2%

e every arithmetic operations of w gives a
countable ordinal number.

e let the least uncountable ordinal number be
the cardinal number X,

o clearly X, < 2%

e Continuum hypothesis : There are no cardi-
nal number between N, and 2X° j.e. N, = 2%
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