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o | symbols or terms used

(m,mn) — gecd(m,n)

|G| — order of the group.
V — for all.
iff — if and only if.
H < G — H is a subgroup of G.

complex numbers respectively.

| — divides i.e. a|b implies a divides b.

la| — order of element in the group or

H < G — H is a normal subgroup of G.
Z,Q,R,C — integers, rationals, reals and



https://yn37git.github.io/blog/2025/Short-Notes/

1 Preliminaries

greatest common divisor : (a,b) = d ie.
gcd(a,b) = d if d|a,d|b and if there exist
e such that e|a, e|b then e|d (here a,b,d, e €
z+)

lem(a,b) = c then alc, b|c and if there exist
e such that ale,ble then c|e (here a,b,c,e €
Zr)

Euclidean algorithm

if a,b € Z* then

a-= qob +T0
b= Q1To+1‘1
To = q21‘1 —|—1‘2

Th—2 = (qnTn—1+Tn
Tn—1=(n4+1Tn

herer, < b, ri4; <1iand ry is the gcd(a, b)

(i.e. when r144 = 0). )

if we reverse the Euclidean algorithm i.e.
write Th = Th—> — nTh—4 and use the pre-
ceding equation for rn_,, Tn—4 to write T,
in terms of T3 Th_, and repeating this
process we get

ax+by=d=(a,b).

for a,b,x,y,d € Z*

Euler’s @ function

@ (n) gives the number of relative primes of
n i.e. there are @ (n) numbers < n such that
their gcd with respect to (w.r.t) n is 1. Prop-
erties and derivation of @ (n):

M if p is a prime them @(p) =p — 1.

] (P(Pa) _ pa —po = pa—1(p —1).

Mif (a,b) =1then @(ab)=@(a)e(b).
from preceding points we have for n =

pfipgz. . pik (pi prime and s; € N)

e(m) = @(p5psz.. PRk,
= o(pi)e(p:2).-0(pyr),
=p: (P —1)p5 (p.—1)

PR (P —1).

2 | Groups

S

|21 | Definitions

Binary operation

function x : G X G — G (for any set G) is a
Binary operation.

Group

(G, %) : a set G with an binary operation *
on it is a group if :

B x is associative.

M Inverse : for every a € G Ja™* € G such
thata™*xa=axa *=e.

/

a Group is abelian or commutative if *x is
commutative. instead of writing « it is omit-
ted i.e. we write ab instead of axb

Order of an element : for a € G |a| = nis

the smallest +ve integer such that a™ = e.
n times

——
(here a™ =axaxa.. xa)

Subgroup

a subset S of a group G is a subgroup if S
is group under same binary operation as G
this is denoted by S < G.

Maximal subgroup

a proper subgroup M < G is maximal in G
if M<K H<KG = H=Gie. noother
proper subgroup of G contains M.




2.2 Basic Properties of Groups

)

a~ " is unique for every a, (a=*)"" = a.

(ab)™*=b"*a ™

ay = b,xa = b has a unique solution for ev-
ery a,b € G ie right cancellation and left
cancellation laws holds in a group.

fora,b eIN:
x%xb — xa—!—b’ (xa)b — Xab, (xa)—1 =x—a,

\

(if Ix| =1, n = st then [x5| =t

N—

Cyclic subgroup
(x) ={x"In € Z*} forms as subgroup

if A, B are groups the A X B = {(a,b)la €
A,b € B} with component wise group op-
erations forms a group with

[(a,b)[ =1lem(|al,[b])

H is a subgroup of G (H < G) then :
B H is closed under group operations and
inverses

Bab e HVabeH

if G is an abelian group then {g € G :
lg| < oo} is a subgroup of G (if G is an non-
abelian infinite group this may not hold )

Torsion subgroup

if H K < G then :
BHNhK LG
BHUK<KLGIiff HC Kor K C H.

Homomorphism and

> Isomorphisms

Homomorphism

amap ¢ : G — H for groups (G, x), (H, o)
is a homomorphism if
b(axb)=¢(a)oPp(b) Va,b € G

\

Isomorphisms

a map between two groups ¢ is isomor-
phism if it is homomorphism and bijective
(one-one and onto).

Basic Properties of group re-
lated to homo and isomor-
phisms

3.1

if ¢ : G — H is homomorphism then
Bo(x")=p(x)"Vx € G,VneZ

H kernel( ¢) = ker(¢)

= {x|p(x) = en( identity of H)} is sub-
group of G

B image under ¢ ie. $(G) is a subgroup
of H

B ¢ is injective iff ker(P) ={eg}

if ¢ : G — H is isomorphism then
B G| =H|

B G is abelian iff H is abelian
x| =[b(x)|Vx € G

The map P : g =+ g "in G is homomor- )
phism (isomorphism to be specific) iff G is
abelian. (use ¥((ab)~*) = ab, P(b~*a"*) =ba)

The map P : g — g* in G is homomor-
phism iff G is abelian.

if A is abelian then the map ¥ : a — a® is
a homomorphism.




Automorphism

4 Aut( )

SA symmetric group in A) 0g : A — A
given by og(a) =g.a

Aut(G) is the set of all isomorphism of a
group G onto itself.

Aut(G) forms a group under function com-
position.

if there exists an Automorphism ¢ of G
such that 0(g) =g <= g =1 (i.e. no
fixed points ) and o* = I (Identity) then G is
abelian.

if A,B are groups then A X B = B X A
(isomorphic) (use isomorphic map ¢ : A X
B — B X Aby (a,b)— (b,a)).

5 | Group Actions

Importance is given to group actions as a set
‘acting’ on another set is the major recurring
theme not only in Group Theory but whole
of Mathematics, also plays a major role in
proofs as it gives lot of information about
structures of ‘objects” in Mathematics.

A Group Action on of a Group G a set A
is a map from G X A — A ( g.a for g €
G,a € A) satisfying the following proper-
tiesVa € A, g4, 9. € G

B g..(g,.a) = (g:9.).a (here g,g, is the
group G operation on its members g4, g.

M 1.0 = a (1 is identity in G)

Note : if g is fixed then we see that g.a for
varying a € A acts asamap og : A = A
and from that fact that g € G (group) we
have g7* € G and (g~ "g).a = (gg~").a =
1.a = a thus this map has a left and right
inverse so 0 is bijection map in A

from preceding point and group actions
obey a kind of group properties ( G ) we
get:

themap g — 04 € Saisa
Homomorphism
i.e. Group actions can be summarized as a
homomorphism ¢ : G — Sa.

a group action is faithful if distinct elements
in G produce distinct permutations of A i.e.
the homomorphic map ¢ of the group ac-
tion is injective.

Kernel of action

kernel of a group action is the set {g €
Glg.a=aVa e A}

(a Group action is faithful iff its kernel = 1. )

Stabiliser

for a € A Stabiliser of a (for group action G
on A) is set G4 ={g € G|g.a=a}

B Kernel of the group action is contained in
every Stabiliser.

B Define a relation ~ on set A with group
action G on A as :
Ma~biffa=gbforge G

M then ~ is equivalence relation

orbit of x € A under action of G is the
equivalence class of x under the preceding
relation ~ i.e Ox = {y € Alx =gy fory €
A,g € G}

/

Immediate consequence of the preceding
point is that group action of G on A is noth-
ing but a set of permutations (elements of

Clearly Kernel of an group action (of G) and
Stabiliser of an element are subgroups of G.




Number of elements in the orbit or equiva-
lence class of a :

Oal =G : Ggal.
(use bijective map from Cq = {g.alg € G} — {gGqa}
by b=g.a =+ gGq.)

A group action of G on A is transitive if
there exist only one orbit for the action i.e.
Oq =AVa € G.

Transitive

5.1 Major Group Actions

)

[ 5.1.1 Conjugation

)

define a group action (conjugation) : of G to
its power set P(G) by

g:B — gBg *={gbg*|b € B}
forBC G,geG

B centralizer of an element a € G in G
Cg(a) is the Stabiliser of a under conjuga-
tioni.e. Cg(a) = Oqy ={g € Glgag™™ =
a} i.e. all the elements that commute with
a.

B centralizerofa A C Gin G Cg(A) is the
intersection of all the centralizer of elements
of Ain Gie. Cg(A) = QQAQ{Q}

={g € Gl|gag™™ = avVa € A} ie. all the
elements of G that commute with every ele-
ment of A.

Normalizer of A C G in G Ng(A) is
the Stabiliser of A under conjugation i.e.
NG(A)=Ga={g € GlgAg™" = A}

Normalizer

Lwith every element of G. J

Basic properties induced by conjugation :

B Cc(Z(G)) =Ng(Z(G)) =G.

B Z(G) < Cg(A) € Ng(A) K G. for
any A C G

M if A C B then Cg(B) < Cg(A).

N < G is said to be normal in G ( N < G)
if Ng(N)=Gie. gNg*"=NVgeG

(if HIG,K<IGthen HNK I G )

now as [Oql = |G : G| we get :

number of conjugates of a subset S of G is
HgSg™"} =[G : Ng(S)I.
in particular the number of conjugates of
aeG
{gag™}|=1G: Cg(a)l.

two elements a,b € G are conjugates in G
if a=gbg™* for some g € G.

we can form a group action of G acting on
itself by conjugation i.e. g : a = gag™—* for
a,g € G then this forms an equivalence re-
lation defined by preceding point in G the
equivalence classes of this relation is called
conjugacy classes of G.

M if a and b belong to same conjugacy class
i.e. a=gbg " then |a| = |b|

B if 2[|G| and a € G then a* ¢ conjugacy
class of a

B if G is of odd order then for non identity
element x € G is not a conjugate of x ™" (use
: X ~x~ " then as 2 /G| we have x #/x~* so similarly
we have x ~y = y ~ Yy~ * so conjugacy class of x

has an even order.)

center of G denoted by Z(G) is the kernel of
conjugation i.e. elements of G that commute

if H < G and H is non trivial (i,e. H +
{1},H # G) then for a conjugacy class € of
G:CCHorCNH=0.




[ 5.1.2

Left (right) multiplication

)

a Group can act on its subgroup by left mul-
tiplication to produce sets called cosets i.e.
for H < G define g.H = gH = {gh|/h € H}
in fact group action can only be produced
(well defined) if G acts on the set of cosets
(left) of H K G

Properties of Left Multiplication : if G acts
on cosets of H < G in G by left multiplica-
tion then

B Left Multiplication is Transitive

M Stabiliser of tH =Gy =H

B Kernel of this action is {g|g.xH = xHVx €
G} = xQGxH)F1 which is the largest normal

subgroup of G contained in H.

now if we take H = 1 < G then we get
Cayley’s Theorem (as one can intrepret this
group actions as homomorphism from G —
Sg)

number of left cosets of A < G is called
index of A in G and is denoted by |G : A|

if G is finite group then for H < G

|G : H|= % (by Lagrange’s Theorem).

if H, K < G of finite index in G (possibly an
infinite group ) ie. [G: H|=m, [G: K|=n
then

lem(m,n) < |G:HNK| < mn.

(in particular if (mn) =1 then |[G: HNK]| =
mn.)

6 | Quotient Groups

Fiber : another word for preimage. It can
be imagined as a comparison of a cloth to a
function and the therads or fibers weaive to
make up the cloth i.e. the preimages make
up the functions at particular value.

for any N < G (group) and g € G we have
gN = {gnn € N} is called a left coset of N
in G and Ng = {ngn € N} the right coset.

for any homomorphisms ¢ : G — H be-
tween two groups with Kernel K then

Quotient Group

let G/K be the set containing the fibers
preceding a € H ie. G/K = {X C
Glp~"(a) = X].

B left cosets of K in G are equal to right
cosets of Kin Gie. gK=KgVg € Gie. K
is normal in G

B Members of G/K are only the left cosets
(or right cosets) of Kin G

ie. if X € G/K then X = ¢*(a) = uK for
some u € G ie. if u € X then X = {uklk €
K} only.

Now for any N < G :

B The set of left cosets (right) of N in G par-
tition G and uN =nN iff v'u € N.

B The operations uN.vN = (uv)N is well
defined iff gng=* € NVg € G,n € N ie.
iff N is normal in G. By this opeartions (if
well defined) the cosets of N in G : {gN}
forms a group.

if H<K K <« G then

|G:H|=|G:K||K:H]|

Now if N < G (N normal in G ) iff :

B gN=NgVvVgeaG

B N is a kernel of some homomorphism
from G, namely the natural projection ho-
momorphism G onto G/N ie. m: G —
G/N given by m(g) — gN has the kernel
N.




( Quotient group of Cyclic groups are
cyclic.

‘ if B < A an abelian group then A/B is
abelian.

(if G/Z(G) is cyclic then G is abelian

if H= (x) then

B [H| = [x|

M if x| =n < oo then H={1,%x,%x%..,x" 1L
B if |[x| = co and if a,b € Z are such that
a #b then x* #xP.

B if [x| = co then for a,b € Z (x%) = (x)
iff a ==%b.

for N <
x" "y~ 'xy €N

G xN,yN commute iff

Commutator subgroup of G : N =
(x 'y~ 'xylx,y € G) (set generated by
these elements) then N is normal in G and
G/N is abelian.

if for mn € Z, x € G (group) such that
x™ =1, x™ = 1 then for d = (m,n) we have
x% = 1. and in particular x™ =1 = m|[x].

if we define HK = {hk/h € H,k € K} for
some H, K < G then

B HK < G iff HK = KH.

in particular if H < Ng(K) then HK is a
subgroup.

m [HK| = [HIK

NKJ|*®

Any two cyclic groups of same finite order
are isomorphic and a cyclic group of infinite
order is isomorphic to Z. So cyclic group of
order n can be considered as Z, = Z/nZ.

if H < G and is of prime index i.e. |G : H| =
p then for any K < G either

BK<KHor

BG=HKand [K:HNK|=p

(use G/H = Zp so if g € Kand g € H then gH
generates G/H so every element of G is of form gth;

nd

for some h; € H and for index use 2™ isomorphism

theorem )

for x € G (group) we have

B if [x| = oo then [x®| = oo for every a €
Z. —{o}

M if |x| = n < co then

n

el = m,a)*

fA<Gand B<HthenAXB<1GxH
and (G xH)/(AXxB)=(G/A) x (H/B)

if M,N < G are such that G = MN then
G/(MNN) =(G/M) x (G/N)

Cyclic Groups and or-

4 der

a Group is cyclic if it is generated by a single
element ie. G ={x"In € Z} = (x)

for H= (x) :

B if [x| = co then H = (x%) iff a = +1

B if [x| =n<oo then H= (x%) iff (n,a) =1
so the number of generators of H is @ (n).
B Every subgroup of H is cyclic ie. if
K < H then K = (x¥)

where k is the smallest +ve integer such that
x* € K

B Clearly every subgroup of finite cyclic
group is unique of the given order i.e. for
a group G if there exist more than one sub-
group for a given order then G is not cyclic
B if [H| = n < oo the for each +ve integer
a dividing n there exists a unique subgroup
of H of order aie. (x%) for d = n/ais a
unique subgroup of order a in H.

B from preceding point and as (x™) =
(x(MM™)) we get the subgroups of H cor-
responds bijectively to divisor of n where
[H| = n < co.




if x| = n, |yl = m for x,y € G and if x,y
commute then |xy| = lem(n, m).

every Automorphism o4 of H = (x) can
be characterised by o4(x) = x® for some
(n, a) = 1 from this we get

Aut(Z/nZ) = (Z/nZ)*.

B Every Group is union of its cyclic groups
(asaeG = (a) KX GsoG= é)G(a) )

B So if |G| is infinite then it at-least has infi-
nite subgroups.

G X G, X.. XGn=Grq XGrp X.. X
G (n) i-e the order in the products of direct
product doesn’t make any difference
mifl C {1,2..,n},] = {1,2,..,n} — 1,
G1 < G is isomorphic to direct product of
G; fori eI and

Gj K G is isomorphic to direct product of
G;j for j € J then

G is normal in G.

G/Gr = Gy.

G= G X G J.

8 | Direct product

if G4 G,,..,Gn are groups with opera-
tions %y, %,,..,%n respectively then direct
product G = G; X G, X .. X G =
{(91,92,--,9n)Igi € Gi} with operation
such that (g4, g2,.-,9n) * (hy, hy,.. hy) =
(g1 %1 hz, g2 %2 Nypet, Gnoxn hin)

Recognition Theorem of Direct product

If H, K < G are such that HN K = 0 then
HK =H x K.

(use fact that there |H N Klnumber of ways of writing
elements each element of HK.)

let G be a direct product as in preceding
point then for (G, ) :

B G is group of order |G4[|G.|..|Gn| (if any
G; is infinite the so is G)
BG;={(g..,9i..,1)|gi € Gi} this subset
is a subgroup of G (note g; is in ith position and
1 in other positions are identities of respective groups)
B for fixed i m G — G;i by
i ((ge,eerGicergn)) gi is a surjec-
tive homomorphism such that Kerm =
{(911- v 9i—1u1, Git1., Qn)} = GI X .o X
Gi_1 X Gi4q X .. X Gp (here 1is in the ith po-
sition.)

Bifx € Gy e GjiFjifx=(1,..,x..,1)
(for x in ith position) and Y = (1,..,Y..,1) (for
y in jth position) then Xy = yx i.e. they com-
mute.

B Z(G; X G, Xx.. X G,) = Z(G;) X
Z(G,) X.. X Z(Gy,) i.e. center of G is the
direct product of centers of its products.

B if T € S,, then:

Generated subgroups

g and groups

B for any subset A C G define subgroup
generated by A = (A) = AEHH

HZG
B if A={a, a,,..an}then
(A) = {afaz..ala; € Aip = 1,k €
Z+} (note: aj can be equal to aj4, and so on to
give more powers of an element.)
B if G is abelian and A ={a,, a,,.. an} then
(A) ={araz..a i € Z}

Finitely Generated Groups

B A group G is finitely generated if there

exist a finite subset of A of G such that

B every finite subgroup of finitely generated
group is finitely generate.




Simple and solvable
Groups

Simple Group

group G is simple iff the only normal
subgroups of G are trivial subgroups (i.e.

{1}, G)

Composition series

Composition series of a group for a group G
is the set inclusion or a Chain (w.r.t ordering
of subgroups) given by

10

{1}§]N0§]N1S’--§]Nk—1§]Nk:G-

where Ni,/Nj is a simple group and

N; are called composition factors. (note this
doesn’t mean all N; < Gas H < K < G
doesn’t imply H < G .)

every Group has a composition series and if
for same group G

{1}§N0§N1§--§]Nk—1§]Nk=G~
{1}§]M0§M1§--§]Ms—1ﬁms= .

then k = s and Mﬂ(i)/Mﬂ(i)fl = Ni/Ni—l
for some permutation 7 € Sy.

if G is an abelian simple group then G = Z,,
for some p prime (true even if G is infinite.)
(‘use the fact that every subgroup of abelian group is

normal and cauchys theorem.)

Holders Program

M Classify all finite simple groups

M Find all ways of combining simple groups to form
other groups

M Classifying all finite simple groups has been com-
pletes in 1970 took more than 5000 Journal pages and
a 100 years. Which says that :

There is a list of 18 infinite families of simple groups
and 26 simple groups not belonging here (sporadic
groups) such that every finite simple group is isomor-
phic to one of these groups. (for eg {Zp|p is a prime}
is one of the infinite families.)

Solvable Groups

a group G is solvable if there is chain of sub-
groups

(114G, <G, D.. 4G5, IG5 =G.
such that Gi/Gj is abelian.

if N(< G) and G/N are solvable then G is

solvable )

G is finite solvable group with solvable
chain {1} < H, < H; <H, <.. < Hg =H.
iff :

B Hi;,/H; is cyclic

(use argument that H;_,/H; is simple abelian group
as H; is maximal normal subgroup of H;,.)

B all composition factors of G are of prime
order.

if G is a finite group in which every proper
subgroup is abelian then G is solvable.

Major Theorems and
consequences

11

[ 11.1 Lagrange’s theorem

Theorem
if G is a finite group and H is a subgroup of
G then:
B order of H divides order of G
B and the number of left cosets (right) of H
in G i.e index of Hin G
G|
=|G:H|l=—.
(can be easily derived by coset theory or re-

spective group action theory) )

Consequences of Lagrange’s Theorem :

B if H, K < G finite group such that |H| =
n,|K|=m, and (m,n) =1 then HNK = {1}.
M if order of group G is a prime ( p) then G




is cyclic (G = Z/pZ)

B Fermats little theorem : if p is a prime
then aP = a (mod p) Va € Z.

(apply Lagrange’s theorem on (Z/pZ)*
B Euler Theorem (generalized Fermats lit-
tle theorem) : a®(™) =1 (mod n) for
every (a,n) = 1. (apply Lagrange’s theorem
on (Z/mZ)*

subgroup of G/N is of from A = A/N for
some A < G containing N and this bijec-
tion has the following properties : VA, B <
G with N < A, B we have

Wif A < Biff A < B.

BMif A < Bthen|B:A|=|B:A|
BANB=ANB.

BAJGIiff A<JG.

’ 11.2

Isomorphism Theorems

)

First Isomorphism Theorem (fundamental)

if ¢ : G — H is homomorphism of groups
then G/kerd = ¢ (G) (easy direct proof)

Second Isomorphism Theorem (diamond)

for a group G with subgroups A, B such that
A < Ng(B)thenAB K G, B<AB, AN
B < A and AB/B = A/A N B.(use homo-
morphism ¢ : A — AB/B by ¢d(a) = aB)
lattice diagram :

Third Isomorphism Theorem

(quotient of quotient)
ifH< G, K<Gand H< Kthen K/H <
G/Hand (G/H)/(K/H) = G/K.

Fourth Isomorphism Theorem (lattice)

let N < G (group) then there is a bijection
from set of subgroups A < G containing N
to subgroups A = A/N < G/N ie. every

10

Class equations and

3 Cayley’s Theorem

The Class Equation

for G a finite group if g4,9.,..,9r are
representatives of distinct conjugacy classes
(equivalence class of G acting on itself by conjugation)
of G not contained in Z(G) then

Gl =1Z(G)|+ ) _IG: Cg(gi)l.

i=1

(an immediate consequence of conjugacy re-
lation).

Consequences of Class equations :

B if P is a group such that [P| = p* for p
prime and « > 1 then P has a non trivial
center. i.e.

Z(P) # 1 (and by Lagrange theorem
Z(P) > p)

B now using the preceding point and lattice
isomorphism theorem for strong induction
on we get :

for p prime if |G| = p* then there exists
a subgroup of order p® in G for every
0S P < a

B if |G| = p? for p prime then G is abelian as
P/Z(P) is cyclic and more precisely Z = Z -
orZy, X Zp




Cayley’s Theorem

every group is isomorphic to a group of
permutations (a subgroup of a symmetric
group) in particular if |G| = 1 < oo then G =
a subgroup of Sy, (can be derived by left multipli-

cation action of G on its subgroup {1}).

Consequences of Cayley’s theorem

B if G is a finite group of order m, p is
the smallest prime dividing n and if any
subgroup is of index p (if exists) in G i.e.
|G : H| = p then H is normal.

(use left multiplication action of G on {gH} i.e. 7y :
G — Sp (permutation representation of the action)
whose kernel K < H is such that G/K isomorphic
to a subgroup of Sp and |G : K| = |G : H|[H : K| so
|G : K| = pk and pk|p! = k|(p —1)! thus k=1 by
minimality of pl|G| so K=H.)

B Immidieately from preceding point we
get any subgroup of index 2 is necessarily
a normal subgroup.

B using similar argument as preceding
points we get : if H has finite index in G i.e.
|G : H| = n < oo then There exists K << H
normal in G such that |G : K| < nl.

B now if we follow Group action (left mul-
tiplication) to find the elements of subgroup
of symmetric group that G is isomorphic to
then these elements are called left regular
representations of G.

B if G is a finite group then for left regular
representation of G of an element x € G of
order n in G is product of m n—cycles only,
where |G| = nm.

M so for m: G — Sg represents the isomor-
phism stated in Cayleys’s theorem (by left
regular representation) and x € G ¢ (x) is
|G|

an odd permutation iff |x| is even and 0]

is odd.(refer symmetric groups)

B Immediately from preceding point we get
in representation of G if there exists an odd
permutation then G has a subgroup of index
2.
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B if |G| = 2k for k odd then G has a sub-
group of index 2 i.e. IH < G more pre-
cisely H < G such that |G : H| = 2 (use pre-
ceding 4 points)

\

11.4 Cauchy’s and Sylow’s Theo-

@
|B

Cauchy’s Theorem

if G is finite group such that p||G| (prime p)
then G has an element of order p.

(use McKay’s proof : form p—tupels from elements
of G ie. {(xy,%z,..,Xp)} such that x;x,..xp = 1 and
prove cyclic permutation here forms an equivalence
relation , whose equivalence classes can have only or-

ders 1 or p and there exist more than one element

whose equivalence class is singleton. )

Consequences of Cauchy’s theorem

B If G is finite ablelian group then it has
a subgroup of order n for every +ve n di-
viding |G|. (use induction : as G is abelian every
subgroup is normal and quotient group is defined. )
M any group of order P? is abelian and is of
form Z, X Z; (refer direct products) or Zp:

SYLOW’S Theorem

Definitions : for a prime p, G group

a group of order p* is called a p-group, sub-
groups of G which are p-groups are called
p-subgroups.

If G is group of order p*m where p /m
(does not divide) then a subgroup of G or
order p* is called a Sylow p-subgroup of G.
The set of all Sylow p-subgroups of G is de-
noted by Syl, (G) and number of Sylow p-
subgroups of G is denoted by n, (G)
Theorem : if G group has an order p*m for
P /m, prime p then :

B Sylow p-subgroups of G exists, i.e.
Syl,(G) #0.

B if P is Sylow p-subgroups of G and Q
is any p-subgroup of G then 3g € G such
that Q <« gPg™" ie. every p-group of




G is subgroup of conjugate of a Sylow p-
subgroups of G, particularly any two Sylow
p-subgroups of G are conjugates in G.

B n,(G) =1 (mod p) ie. np(G) =1+
kp and as np(G) = |G : Ng(P)| we get
n, (G)m.

Consequences of of Sylow’s Theorem

if P is Sylow p-subgroups of G then P is
normal in G iff P char G. iff all subgroups
generated by elements of p-power order are
p-groups (i.e. if X C G and [x|is a power of
p for every x € X then (X) is p-group) iff
n,(G) =1

Classification of groups using

e Sylow’s theorem

then n = p,..py for pi Jpj —1.
Generalising preceding points we get

B Z, is the only group of order m i.e.
number of groups of order n is 1 (cyclic) iff
ged(n, ¢(n)) = (n,@(n)) =1

B Every Group of order m is
abelian  iff prime factorization of
N = PiP...pidid:..q; for and n is rel-
atively prime to (p; — 1)(p. — 1)..(pi —
1)(qi —1) (qi —1).. (q; — 1). (last two points
are not a direct consequence but look into Gallian’s

papers)

Automorphism
Theorems
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if p, q are distinct primes

group G of order pq
Bifp<q,Q € Syly(G) and P € Syl,(G)

then Q < G
also if P J G then G = Zpq.(use
G/Cg(P) = a subgroup of Aut(Z,) and

P,q fp —1to prove Cg(P) = G)

M if p < q we have nplq = np=1o0rq
and asnp, =1+ kp = if p fq —1 then
Np=1s0P IGand G =Z,q

B if p|q — 1 then this is a unique non
Abelian group of order pq

M if g < p then the Sylow p-subgroup is nor-
mal in G (as np = 1).

M if p < g then Sylow (-subgroup is normal
in G except for when q =p+1ie. p=2ie.
|G| = 12 then G has either a Sylow -2 ora 3
normal subgroup (use ng|p* = (lp +1).

group G of order p*q

B if G is a finite group of order
n P1P2-.-Pr for distinct primes p;
such that p; fpj — 1 Vi,j then G is cyclic.

Converse of preceding point is true i.e. for
n > 2 and if every group of order n is cyclic
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if H < G (group) then G acts by conjugation
on H as automorphism of Hie. og : H —
gHg™* by o4(h) = ghg™" is an automor-
phism.

now by properties of conjugate action and
preceding point we have :
{og}=G/Cg(H) so G/Cg(H) = subgroup
of Aut(H) if H is normal in G

clearly K < Ng(K) so we have
Ng(K)/Cg(K) = a subgroup of Aut(K).
Particularly G/Z(G) a subgroup of
Aut(G).

the preceding mentioned subgroup of
Aut(G) formed by conjugation is called
inner automorphism of G denoted by
Inn(G).

Characteristic Subgroups

Characteristic Subgroups of G are subgroup
of G which remain fixed for every automor-
phism of G i.e. H char G iff c(H) = H Vo €
Aut(G)




Properties of Characteristic Subgroups

B They are Normal (converse is not true.)
B if H is unique subgroup of order n in G
(only subgroup of order n) then H char G.
B if K char Hand H < G then K < G.

B H char K and K char G then H char G.
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Motivation : to Generalise direct product
so that not both H and K be normal to
make a group HK, this helps in building
larger groups which have subgroups iso-
morphic to both H and K. In this case
H is normal and K is necessarily not. let
H < G and HNK = 1 then there is a
unique way of writing elements of HK. If
we have hk — (h,k) using some map
then (hy k,)(h,, k) (hyky) (h2k2)
h,kih,(k;"k,)k, = hy(khk")kik,
h;k; = (h3,k;). so if we understand how
kih,k;* € H without the need of G then
we can define a larger group HK. This
needs us to act K on H (by conjugation) i.e.
a homomorphic map from K — Aut(H).
we then define : if k.h khk™* then
(hiky) (h:k,) = (hikh,)(kik,) gets the
operation part done for HK

Semi Direct product

For H,K be groups, ¢ : K — Aut(H) a
homomorphism this defines a left action of
K on H say by . then let G be set of or-
dered pairs {(h,k)[h € H,k € K} and de-
fine operations on it by (hy, k,)(h,, k,) =
(hy ki, kiks)

B this operation makes G into a group
(Semi Direct product) of order |G| = [H||K|
W for set H ={(h,1)/h € H} < G the map
h — (h,1) makes H=H

B similarly for set K={(1,k)[k € K} < G
the map k — (1, k) makes K = K

Mand H<I G HNK={1},if h = (h1) €
H,k = (1,k) € K then

khk—* = (k.h,1) = (d(k)(h),1) ie. action
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Lof k on h under ¢.

)

The preceding group G can be symbolised
(as in case of direct product ) as G =HxX ¢S
or simply HXG ie. read as G semi direct
product of Hand K ( | on the right of xdenotes
that H <1 G)

HXG=HXx G

B iff ¢ : K —> Aut(H) is trivial i.e. p(k) =
1Vk € K.

B iff K I HxK.

W iff ) : HXK — H X Kby (h, k) — (h, k)
(i.e. identity map) is homomorphism (in fact
isomorphism.)

Recognition Theorem of Semi Direct prod-
uct

if HL K <« G are such that H < G and
HNK = 1 then by ¢ action of conjugation
of Kon H in G we have

HK = HxK.

For H < G, K <K G is called Compliment
of HinGif HNK=1and G = HK

[ 13.1 Examples

]

Group G of order pq for p,q distinct
primes: by Sylows theorems we have at least
one of the Sylow subgroup is normal, say
P < q then Q = Syly(G) < G and Aut(Q)
is cyclic group of order q — 1.

case 1 : if p Aq — 1 then ¢ : Syl,(G) =
P — Aut(Q) istrivial so G=PQ =PxQ =
P x Q this makes G cyclic as stated earlier.
case 2 : if plq —1 as Aut(Q) is cyclic it
contains a unique subgroup (cyclic) of or-
der p say (y) so any homomorphism ¢ :
P — Aut(Q) is given by ¢i(x) = y* for P =
(x),0 > 12> p—1. Now ¢, is trivial so goes
to case 1. if i # o then each ¢; gives raise
to non-abelian group Q X ¢, P, but all these
groups are isomorphic as the any non triv-
ial homomorphisms of [P| = p = [{y)| maps




generators map to generators. Thus all these
semi direct product groups are same.
Finally we have there are only two unique
groups of order pq one cyclic and other the
non trivial semi direct product of its sylow
subgroups.

now for the unique non-abelian group of or-
der pq for p|q — 1 we have n, = ¢ and as
each element of sylow p subgroup is trans-
ferred to one (non identity) element of other
sylow p group by conjugation and as sy-
low p group = Z, (abelian) we have each
element other than e of sylow p subgroup
has ¢ elements in conjugacy class i.e. ( is
repeated p — 1 times, now as Q sylow
q subgroup is normal and = Z4 we have
Inn(Q)| = IG/C4(Q)l = IG/Ql = p so p
elements in one class and number of distinct
classes equal to partition of ¢ — 1 non iden-
tity elements of Q into each p element part
sets i.e. @ —1/p distinct classes. From this
we get

|Gl =pq

—14+p+p+..+p+qd+q+.. +4.

P —1 times

9;—1 times

Class equation of non abelian pq order group

Group G of order p3 for p an odd prime :
assume G is not cyclic then

if G is not abelian then [Z(G)| = p only
by class equation and fact that if P/Z(P) is
cyclic then P is abelian.

defining a pth power map x — xP gives a
homomorphism from P — Z(P) and with
kernel of size only p3 or if this kernel is p?
then there is an element of order p*

case 1 : G has a element x of order p?

let H = (x) then H is prime index in G so
H < G, if E is kernel pth power map then
E=Z7Z, X Z, as every x € E xP = 1 clearly
ENH=xP>.

now if y € E—H then for K = (y) we
have HN K = {1} and G XK thus
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G = Zp:XZ,, for some ¢ : K — Aut(H)
if ¢ is trivial then G = Z,: X Z, which
is abelian so for non trivial ¢ there exists
a unique non abelian HXK (the non trivial
ones are isomorphic as K is of order p)

case 2 : every non identity element is of
order p. so for any subgroup of H if is of
order p* then H = Z, X Z, and clearly
H < G (as prime index) , if K = (y) for some
Yy € G—H then |[K| = pand HNK = {1}
thus G = HxKie. G = (Z, X Z,)XZ,, for
some ¢ : K — Aut(H) by similar reason-
ing if ¢ is trivial then G = Z, X Z;, X Z;
which is abelian , only other possibility is a
non abelian G

Thus the only groups of order p3 upto iso-
morphism are :

abelian : cyclic, Zy: X Zp, Zp X Zp X Z,
and non abelian: Z: XZ,, (Zp, X Zp)XZp
for some non trivial ¢ homomorphism
from Z,, to its complement.

Class equation for group of order p3

clearly |Z(G)| = p now if g € Z(G) then
g € Cg(g) and Z(G) K Cg(g) but
Cg(g) # G so only possibility remaining is
ICc(g)l=p*so|G:Cg(g)l=p now calcu-
lating we get

Gl=p3=1+1+..+1+p+p+.. +P.

Pp times

Pp2—1 times

p-groups and Fundamental
theorem of finite abelian
groups

13.2

a group of order p* for p prime and o > 1
is called a p-Group.

for a p-Group of order p¢

B Z(P) #{1}. i.e. center of P is not trivial

M for non trivial H < P then HN Z(P) +# 1.
(In particular every normal subgroup of order p of P
is contained in Z(P).)

B for H < P and if p®|[H| then H contains a




group of order p® which is normal in P (In
particular P has a normal subgroup of order
p? for every b € {0,1,..,a})

B if proper H < P then proper H <
Np(H) ie. every proper subgroup of P is
a proper subgroup of its normaliser in P.

B Every maximal subgroup of P is of index
p and is normal.

Every finite abelian group is a direct
product of its Sylow subgroups

(if finite abelian G is such that |G| = 'pf ‘pkzp;%. o p}f ’
for distinct primes p; then P, = Syl (G),P, =
Sylp,.(G) € G and P, NP, = {1} as p; /Ip. thus
P;P; = P; X P, now P; = Sy1p3(G) < G and
P;P,NP; = {1} as p3 /p2,p3 /p1 thus P,P,P; =
PP, X P; = P; X P, X P3 continuing this process till
P we get by an order argument G = P;P,P;..P, =
Py X P, X P3x..XPr.)

if G is an abelian p group then for a € G
with maximal order we have

G=(a) xK.

where K is the complement of (a) in G

(use induction : choose b ¢ (a) of minimal order and
prove (a) N (b) = {1}, [(b)| = p, for G/(b) if ~ rep-
resents the corresponding elements in G/(b) prove
[a] = |a| so @ is maximal order thus G = a@ x K pull
back K to K in G , prove (a) N K = {1} and claim
G = (a) X K by order argument .)

an Immediate consequence of preceding
point :

Every p-Group is the direct product of its
cyclic subgroups.

From Last three points we get a Fundamen-
tal theorem of finite abelian Groups :

Fundamental theorem of finite abelian

Groups

elementary divisors decomposition form :
if G is an abelian group of order n =

P1Ps.. PR~ then:
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BG=A, XA, X.. X Ag where |A{| = p.
BeachA;=Z PP xXZ phiz X..XZ phit with
Bix = Biz = .. > Bit and Bir + BIZ +..+
Bit = i

(pﬁ” are called elementary divisors of G)

B This decomposition is unique (till isomor-
phism.)

Fundamental theorem of finite abelian

Groups

invariant factors decomposition form : Ev-
ery finite abelian group G is of unique de-
composition form (till isomorphism) given

by

G=Zn, XZn, X .. X Ln,

With n; > 2Vi and nj4niforz < i <
s—1

formnez+

mZ, xZn: mn iff (mmn) =1

Wif n=p;p;2..pr* then

Zn—Z ‘XIXZD‘Z .xZak

From thls theorem we can Change the forms
of a Fundamental theorem of finite abelian
Groups.
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Presentations

A presentation of a group is a compact
way of stating the properties of group from
which the group it self can be derived

Generators a group G is said to be gener-
ated by a subset A ={a,, a,,.., an} if every
element of G is a combination of these ele-
ments (by group operation) and is denoted
by G = (A) = (ay, az,.., Gn)

Every finite group has a finite generating set
(consider the group itself)




The properties that these generators holds
holds even for the group and the converse
is also true the properties possessed by the

group is the properties fo these generators
too. Thus if we know all the generators and
all their properties it is enough to in a sense
to know the whole group itself all other
properties of the group can be derived from
these so if a, a,,..,an are generators of
G with properties Py, P,,.. Py only then G
can be stated as {(a,, a,,.., an|Ps, P, .., Pm)
and this is called Presentation of G in a
sense the presentation is ‘complete” or is
made ‘complete’” by adding properties i.e.
whole of G the group and the correspond-
ing group operation can be derived from the
Presentation of G.

To denote presentations (‘complete’) we use
G % <a11 aZI COfp an|PII PZI L 'IPm>

examples

Zo=(xx™ =1)
D,n=(r,slr" =s*>=1, rs =sr7 %)
ford = (m,n)
Zin X Zn=(x,yx" =y™ =1,xy
yx’xn/d _ yn/d>

All properties of this group is same as any
cyclic group of same finite order.

Infinite cyclic group Z whose generators are
{1, —1} only.

Homomorphism 1 from a cyclic group is
completely determined by 1 (a) for a gen-
erator a of the cyclic group.

B Number of Homomorphism from
Z/mZ — Z/nZ is equal to (m,m)
gcd(m,n) (use: if ¢ : Z/mZ — Z/nZ is a ho-
momorphism such that a — (a) for some gener-
ator a of Z/mZ then [P(a)| | m, [P(a)| | n thus

[p(a)l| (m,n) so a maps to a generator of subgroup

of Z/nZ whose order divides (m, n) say d, the num-
ber of such generators = @(d) so number of homo-

morphisms = ) @((m,n)) = (m,n))
d{(mm)
15.2 (Z/nZ)*

Define a group (Z/mZ)* subset of Z/nZ
(not subgroup) with operation @ ie. a®
b (ab) (mod n) and (Z/nZ)* = {i <
n|(i,n) = 1} i.e. i < n such that 1 is relative
prime to n and Aut(Z/nZ) = (Z/nZ)*

(I(Z/nZ)*] = 9(n)

Major Group
examples and their
Properties

LE

15.1

Cyclic Group

|

Cyclic groups can be viewed as quotient
groups of Z formed by {knlk € Z} =nZ <
Z forn € Zie. Z/nZ = {o0,1,..,n—1}
where s = {q € Z|q (mod n) s} and
(Z/MZ,Dd) = Z,, where @ is modulo ad-
ditionw.rtnie. a®b=(a+b) (mod n).
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(Z/2™Z)* is not cyclic for n > 3
(as (2™ —1,2") = 1,(2"* —1,2™) = 1 but (2™ —
1)2=1 (mod 2") and (2" *—1)%? =1 (mod 2™)

n—i

so|<2 —1>|=|<2"—1>|=2)

for every odd prime p and n > 1

(Z/p™Z)* is a cyclic group of order
pn—1 (p —1)

(‘use ring theory.)




15.3 Dihedral Groups

)

given a n-regular (equal sides) polygon the ways in
which it can be moved or transformed via rigid mo-
tions (no tear or distortions like stretch) to obtain the
same figure (symmetric to original position). We call
these transformations symmetries, to visualize them
we can mark each vertex (corner) with fixed number
starting from 1 to n in a clockwise fashion and see
how symmetries change the positions of these num-
bers.

B for example if r a symmetry that rotates the poly-
gon by 27t/n degrees clockwise, changes the position
of numbers like 1 goes to position where 2 was i.e.
1 — 2, similarlyi +i4+1forr <i<nandn —1

B This motion can be replicated counter-clockwise
also and the flip or mirroring of positions via a line
of symmetry also constitute such motions.

M all these motions can be condensed in to just two
motions and their combinations:

M r a rotation clockwise by 27t/n

B s a flip (change of position from left to right vis-
a-vis like a mirror) through the line of symmetry be-
tween vertex 1 and centre of the polygon

B Group concept These motions from a group if we
regard identity as the one fixed starting position and
composition of motions as binary operations.

Le. for a n-regular polygon the group formed by sym-
metries (rigid motions) constitute a group under com-
position

This group is made up of r and s mo-
tions and their combinations, Properties and
derivation:

B 1" = e (Identity), s* =

HsA1.

W st %sr (i+j).

m(rH)* r —isT1=3s,
M rs = st~ ' so by induction

ris =sr—L
B from preceding points we get:

Dihedral group of n-regular polygon =
Dn =

{e,r,r%,..,t™ —1,8,81,81%,.., s 1},

here 2n signifies the order of the group
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Properties of D,y

B {r'jo < i< n}, {e,s} forms Cyclic sub-
groups (there are many other cyclic, non
cyclic-subgroup).

B if n is odd only e commutes with every
element.

M if n is even only e, r
every element.

B if G is any finite group generated by two
distinct elements x, y for order of y = 2 then
G = D,n where n = [xy|

B also if |G| = 2p for a prime p and is non
abelian then G = D,

n/2 commutes with

Class equation

for D, we have
B if n is even then : {e, "/2} = Z(D,n), for ev-
eryri, rirn—i = ¢t grlg = ¢p=1 = 71 3pd
stirir—is = r—% 5o for given n — 2 ! variables have
a conjugacy class of order 2 so a total of n —2/2
classes for s, PsrJ = sr™ 3 now as n is even
— 2j is even so conjugacy class of s = = {sr?'} and
for st, srr—J = st "2+ 50 conjugacy class of sr
= {sr?"1} from this we get class equation

Donl=1+1+2+2+..+2+2+2
~—_—

=2 times

M if n is odd most remain same but as{e} = Z(D,n ),
n — 1/2 conjugacy classes of 2 elements and only one
remaining class with n elements (class of s) so we get
class equation

Donl=1+24+2+.. +24n
—_——

1 times

Semi direct product construction of D.n =
HxK

B clearly (r) is of index 2 so normal in D,n
so H= (r) = Z,, and K = Z, only possibility
left

B we know rs = st~ " ie. srs =1 ' or
sris = r~' so define automorphism ¢
K — Aut(H) by x.y=y—*

B thus we have D,, = Z,XZ,




15.4 Symmetric Groups

Motivation : every element in a finite or
countably finite set can be numbered so
representing each element with a number
makes sense the bijections (maps) of these
sets form a group these can be represented
as permutations or rearrangements of num-
bers.

Properties of Cycles and cycle ‘

15.4.2
% decompositions:

cycles can be composed similar to corre-
sponding bijections and the results in both

case are same (note : composition of cycles are

simplified right to left ).

(disjoint cycles commute.

Group concept : for a given set A the bijec-
tions (maps) on this set given by Sa forms a
group under function composition : identity
map acts as identity, clearly composition of
two bijections is another bijection, every bi-
jection has an inverse which is a bijection

for set Q = {1, 2,..,mn} the bijections on this
or Symmetric group of this group is Sy, and
clearly [Sn|=mn!

[15.4.1 ‘ Cycles

each bijection o of € can be represented as
the following :
0= (ay, 2., A(m,) Q) +1 Amy)+2s - -

s my))e - (@) 17 Omy) 2r -+ s Gmge,y)
which can be read as follows :

if — indicates maps to

a a
/> 1 \ n (my)+1 \,
dm.) 92 a(m,) Q(m,)+2
T ! 7 T l 7 4
A(my)+1 N
A(my,) A(my)+2

where ai’s are distinct elements of Q
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order of a m-cycle (of length m or consisting
of m elements) is m

order of a bijection with disjoint cycles rep-
resentation is the l.c.m of lengths of the cy-
cles in its representation.

Cycle Type : for 0 € S, is a product of
Ny, N, .., Ny cycles (including 1-cycle) such
that n, > n, > .. > n, then integers
N, N, .., N, are called the cycle type of o

Partition of n € IN is a non decreasing se-
quence of +ve integers summing up to n.

a bijection has order p prime iff it is repre-
sented as product of commuting p-cycles.

if 0,7 € Sn and o has a cycle decomposi-
tion (ay, Qy,.., 0k, ) (by, by, .., by, ),.. then

Tot * has cycle decomposition
(t(aq), t(a),..,t(ax,))
(T(bI)IT(bZ)I"IT(bkj))l"'

(use if (i) =j = 7or ' (T(1)) = T(j)
thus if i,j appear in 0 — (i), T(j) ap-
pear in T’s cycle decomposition).

From preceding point we get 2 elements of
Sn are conjugates iff they have same cycle

type.

and from preceding two point we get the
number of conjugacy classes of Sy, are equal
to the partitions of n. (note here we include

even 1-cycles)




if o € S, and o is decomposed into
(distinct) m,, m,, .., M, cycles (including 1-
cycle) with multiplicity (number of cycles
for a fixed length) of ki, k,,.., Ky (so n
> i, kimi , o consists of ki mi-cycles
which are disjoint) then the number of per-
mutations of cycle type o or the number of
elements in the conjugacy class of o is equal
to

_ n!
) (ketmy™) [0, kgt

n!
(k! (kytmy?

from preceding point we have, if K is a
transposition conjugacy class of S, and K’
is any other conjugacy class on an element
of order 2 that is not a transposition of Sy,
then except for n = 6 (S¢) |K| #[K’| (for S¢
|K| = 15 and for class 3 disjoint transposition
|K’| = 15 only exception).

from preceding two points we have :
Aut(Sy) =Inn(Sy).

with only exception of Sg

where |[Aut(Sg) : Inn(Se)| =2

(use if 0 € Aut(Syn) then for a conjugacy class
K o(K) is also a conjugacy class, so transposi-
tions are mapped to transpositions except in S,
o((1,2)) = (a,by),0((1,3)) = (a,b2),..,
(a,bn) only , and these permutations generate Sy so

o((1,n)) =

Aut(Sy) has at most n! order= order of Inn(Sy)).

Class equation

from all preceding points we get if n > 3 (

as S, = Z,)
k .

[Tix ki !mijij
where p{s are distinct partitions of n such
that p; has disjoint kj; cycles of cycle length
mij ien= Zj kijmij

ISnl=1+2_
Pi
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Greatest order element in Sy,

B order of element is equal to the lcm of
lengths of disjoint cycles

B so for given n we need to partition n
into primes and multiply the primes in par-

tition to get the order and find a partition of
3

n=p;+p.+.. +px= Zpi for p; primes
. 1=1
such that p;p...px = | [ pi is maximum.

=1
B by number theory ;ve have the products
of parts in partition is maximum if each part
tends to e and number of parts tends ton/e
so if g(m) represents the greatest order ele-
ment in S;, then we have

gn)<e

Transpositions and Alternating

S Group

(a two cycle is called a transposition.

)

Every element of S;; can be made into prod-
uct of transpositions (not necessarily distinct

)

for eg : a cycle

(all azr"r am)
(ay, am)(az, am).. (Am—g, Qm).

let x,,%,,..,Xn be n independent variables
then we define :

A= 11
1<igj<n
and for o € S,
H (x()'(i) —xa(j)).Then we
1<i<j<n
get (by rearranging) o(A) = £ A.

(Xi —Xj )/

o(A)

Again we define a function : sign of o € Sy,
ie. €:S, = {—1,1}as

+1, ifo(A)=A
e(o) =

—1, ifo(A)=—A




we call (define) o € S, is even permuta-
tion if e(o) = 1 or an odd permutation if
e(o)=1

map € : Sy — {£1} is a homomorphism (if
{£1} is assumed as multiplicative group)

Alternating Group

so an Alternating group of degree n denoted
by A is the kernel of this homomorphism
\(i.e. set of all even permutations in Sy,)

Classifying methods :

M a transposition is an odd permutation

M every n-cycle can be decomposed as prod-
uct of n — 1 transpositions.

B so a m- cycle is odd permutation iff m is
even and

vis-a-v a m- cycle is even permutation iff m
is odd

B from preceding points we get :

a permutation o is odd iff the number of
cycles of even length in its cycle decompo-
sition is odd and vis-a-v for a permutation
to be even.

Generalised Quaternion Group

(refer semi-direct product and presenta-
tions)

B let H=(h) = Z,», K= (x) = Z, the form
HXK by G = K — Aut(H) by inversion i.e.
x.h=h7"ie xhx™*=h*

B so x> € Z(G) and if z = h*" " then (z)
is a unique subgroup of order 2 in H and x
inverts this i.e. xzz7* = z7* = z thus x cen-
tralizes z so we have z € Z(G) as z com-
mutes with both x,h. now x>z € Z(G) so
we have (x*Z) < G.

B Now form the quotient group G
G/ (x*z) let bar indicate this transition so we
have

X inverts h (property inherited from G) and
Gl = IGI/I(x*2)| = |G| /2 = 2™+

if n 2 we have x*h* € (x¥*z) —
x*x*h* € x*(x*z) i.e. h* € x*(x*z) so we
have X* = h” which implies G = Qg

B Thus the General Quaternion Group is
given by the Quotient group G and is pre-
sented as

Q= (h,xh*" = x4 = 1xhx™* =
h=L,h2" " =x2).

(every A, for n > 5 is a simple group.
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Quaternion Group ]

let QS = {11 —1, ir _i, j, _j, k, _k} define
group Operations as

Vae qg,1.a=0a.1,—1.—1=1,—1.0=—0
ii=jj=kk=—1
ij=k, ji=—k
j k=1, kj=—i
ki=j, ik=—j

M clearly Qs is non-ablelian

W Z(Qs) ={1,—1}
W (i), (j), (k) are 3 normal subgroups of or-

der 4 in Qs
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15.6 Matrix Groups

refer linear algebra and field theory

for each n € Z™ let general linear group
GL,.(F) be set of n X n matrices with en-
tries from F a field and with Determinant
non-zero then GL, (F) forms a non-abelin
group under matrix multiplication i.e.
GL(F) = {Anxn = [ajjlllai; € F,Det(A) #
0}

if [F| = g < oo then

|GLn(F)| =

(q"—1)(q" —q)(q" —g?)..(q" —q" )

(use the fact that if det(A) =/ o then its rows are lin-
early independent so the 1%t row 1, can have q™ —1
choices (as [F™*| = q™ the vector space where the row
lies and row is not zero) similarly 2™¢ row r, is any
thing but not a multiple of 15t so as there are q el-
ements in F there are q multiples of 15! row and
so there are q™ — g choices , similarly for 374 row
T3 is not a linear combination of the first two hence
T3 # 171 + (27, so there are q* choices for linear
combination thus 3 has q™ — g* choices continuing

similarly till n rows we get the result)

for each n € Z* let Special linear group
SL,.(F) be set of n X n matrices with en-
tries from F a field and with Determinant
1 then SL,,(F) forms a non-abelin group
under matrix multiplication as determinant
is a multiplicative function i.e. det(AB) =
det(A)det(B) if all matrices involved are
square

SL(F) = {Anxn =
1)

[aijlllai; € F,Det(A) =

if [F| = g < oo then

_IGL(F)|
q—1
(use the fact that determinant is homomorphism from

GL,(F) — F* with kernel SL,(F) and 1%t isomor-

phism theorem).

ISLn(F)|

For a prime p if V is an abelian
group(additive) of order p™ with property
that pv = v+.. +v = 0 Vv € V then
V is a n dimensional vector space over Fp,
so automorphisms of V are precisely non
singular linear transformations from V to
itself i.e. Aut(V) = GL(V) = GL,(Fp)
so one can say Aut(Zy, X Z, X .. X Zp) =

n time
n time
(p"—1)(p"—p).. (P —p" ")

Semi direct relation and presentation of
groups of order p3

B from Semi direct products we have a
group of order p3 has only 2 non-abelian
groups ie. Zp:XZ, and (Zp X Zp)XZp
now from preceding arguments if H = Z,, X
Z, them Aut(H) = GL,(F;,) or [Aut(H)| =
(p>—1)(p* —p) = p(p —1)(p* — 1) thus
by cauchy’s theorem Aut(H) has an non
trivial group of order p
B we define this automorphism by: if H =
(a) x (b) and K = (x) then define ¢ : K —
Aut(H) by x.a = ab and x.b = b in additive
sense if we look at H as vector space over Fp,
then x acts as a non-singular linear trans-
formation of x(a) = a+b and x(b) = a
where {a, b} forms a basis of H so matrix of

1 0

[1 1] € GL,(Fp)
B this results in a group with presentation
(x,a,b|xP =aP =bP =1,ab =ba,xax™*
ab,xbx™* = b) and this group is called
Heisenberg group over Z, H(F,) (Heisenberg
group H(F) in general has an order p3™)
B for the other group of order p3 we have
Aut(H) = Z¢,(pz)=zp(p_1) so there is an
non-trivial group of order p here too now
if H= (y), K = (x) we define this automor-
phism by x.y = y**P resulting in presenta-
tion (x,ylxP = yP = 1,xyx"* = y**P)
B so if G is an non abelian group of order
p3, if it has an element of order p? then it is

X
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isomorphic to Z3 %y Zp phi: x.y = y**?
or if it doesn’t have an element of order p?
then is isomorphic to H(F;)

[ 15.6.1 Heisenberg group H(F;) ]
1 a b
H(F){{o 1 c¢|ab,ceF}
0 0o 1

where F is any field finite of infinite.

B H(F) is multiplicative matrix group, a
subgroup of GL;(F)

M It is a non-abelian group of order p3 if
|F| = P (can be used as example)

B every element h € H(F) is of form h =
I + N for I identity and N nilpotent (so
N3 = o). Now if F is characteristic p then
hP = (I + N)P using binomial theorem (as I

and N are commutative )

)
we have h? =T+ ) (P)NP =1 (mod p)
k=1

if p # 2 so every_ element of H(F) for
ch(F) 2 has order p
if ch(F) = 2 then (3) = 1 so order may vary

15.7 Familiar infinite groups, their quo-
) tient Groups and properties

let Z X Z X ..Z n—times be written as Z"
then

B Z" FZ™ iff m /N (as Z" is generated by a
set of cardinality atleast n like basis)

B every element (except 0 ) in Q has infinite
order.

B if o a,b € Q then there exist n,m € Z
such that na = mb + o this property be-
tween elements is called commensurable i.e.
any 2 non zero elements of Q are commen-
surable

M every finitely generated subgroup of Q is
cyclic

(use if H = T:, nz"'%’> & Q,if h € H then
h=a, T+ a2 +.. + s = gt

a; € Zsoclearly h € (gt+-) so H < ()

nm,..ng

m,

for some

and subgroup of cyclic group is cyclic )

B Q is not finitely generated. (then it would be
cyclic by preceding argument)

B every proper subgroup of Q has infinite
index so same goes for Q/Z or Q/G for any
proper subgroup G < Q

(use if |Q : Hl = n < oo then nq € H Vq € Q but
q — nq is isomorphism on Q so Q C H)

B Q #QXZ as Q X Z has subgroups of
finite index like Q X 2Z

B QFQ XxQasin Q X Q not every finitely
generated subgroup is cyclic (eg: ((0,1), (1,0)))
B Diadic rational group {a/2"n € Z}is a
proper non cyclic group of Q

B (Q*, X) ie. multiplicative group Q — {o}
is generated by {1/p|p is prime inZ}

Q/Z

B every element of Q/nZ has a finite order
(for g—i—nZ we have Maﬂ +nZ=nZandnq < o)
B Q/Z = Q/nZ (use isomorphism x +Z —
X +nZ)

B every coset of Z in Q contains only one
representative q € Q in the range o < q <1
(useifo<p,q<1andp+Z=q+Zthenp € q+Z
so p = q +n for n € Z then clearly only possible n is
o) i.e.

Q/Z={t+Z|o<p<q€EZ.

B From preceding representation we get
that for a given n € Z* , Q/Z has only
finitely many elements of order n precisely
¢(n) elements ie. {F+Z [ o < m <
n, (m,n) = 1} is the required set.

B also (;; +Z) is the unique cyclic sub-
group of order n in Q/Z. also we have
Q/Z = U%o:1<1/q + Z>

B Q/Z is the torsion subgroup of R/Q (use
if a+Z € R/Z has finite order then na € Z so
na=mie.a=m/neQsoa+ZecQ/Z)

B Q/Z is isomorphic to multiplicative
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group of roots of unity in C* (use map : choose

the unique representative o < r/s < 1 for the coset
2mri

r/s+Zandmaptor/s —+ e’ s )

a useful example Priifer p-group Z;,

let Hg = {zlzpk = 1} for a prime p i.e. Hy is
the set of p¥ th root of unity then

B Hy is cyclic group under complex mul-
tiplication ( as generator of n" root of unity is
e2Ti/n )

BHy CHhiffk<m

now let Z], = {z|zP" = 1,n € Z*} then

B every proper subgroup of Zj, is of form
Hy ie. every proper subgroup of ZI,’ is
cyclic

B Z], is not finitely generated

B to sum things up Z;, < (C*, X) such
that every proper subgroup is cyclic but Z;,
is not even finitely generated

Nilpotent  Groups
and Commutator
subgroups

16

for any G group define

Z,(G) = 1, Z,(G) Z(G) (center of G)
and Zi,(G) as subgroup of G contain-
ing Zi(G) such that Zi;,(G)/Zi(G)
Z(G/Zi(G)) i.e. Zi14(G) is the complete
pre image of center of G/Z;(G) under natu-
ral projection ( Z;(G) < G by lattice isomorphism
theorem.) this gives us a chain of subgroups

Z,6)KZ,(6) K Z,(6)K..

called upper central series of G.

A group G is nilpotent if Z.(G) = G for
some ¢ € Z71, smallest such c¢ is called
nilpotence class of G.

if P is a p-Group of order p® then P is a
nilpotent group of nilpotency class at most

23

Q — 1 (use fact that for a p-group center is not {1}
and order argument )

G is nilpotent iff G/Z(G) is nilpotent.
(letK=G/Z(G) thenZ,(G)/Z,(G) = Z(G/Z(G)) =

Z,(X), Z3(G)/Z.(G) = Z(G/Z:(G)) =
Z((G/Z4(G))/(Z2(G)/Z4(G))) by lattice
isomorphism theorem so Z;(G)/Z,(G) =
Z(G/Z(G)/Z4(K)) = Z,(K)/Z{(K) continu-

ing this argument we get Z;ii,(G)/Z;i(G)
Z;(K)/Zi_,(K) Vi thus if any one of K or G is
nilpotent then the ratio described is = {1} for some 1,

so the other is also nilpotent )

/

A finite group G of and let p,, P2,..,Ps be
the only distinct primes dividing |G| and
if P; € Syl,,(G) then the following are
equivalent i.e. <=

B G is nilpotent.

B if proper H < G then proper H <
Ng(H) i.e. every proper subgroup of G is a
proper subgroup of its normaliser in G.

B P; < G ie. every Sylow subgroup of G is
normal.

BG=P, xP,x.. xPs.

Now from preceding last point and from p-
group theory we have:

If G is Finite Group then G is nilpotent iff
it has a normal subgroup of each order di-
viding |G| and is cyclic iff it has a unique
subgroup of each order dividing |Gl.

Frattini’'s Argument

if G is a finite group , H < G and P is a
Sylow p-subgroup of H then G = HNg(P)
and |G : H| divides [INg (P)|

A finite group is nilpotent iff every maximal
subgroup of it is normal.

each group Z;(G) occurring in upper cen-
tral series of G is a characteristic group G
ie. Zi(G) char G




let [x,y] = x 'y ™xy and if H,K < G
then [H,K] = ([h,k]lh € H,k € K) ie. the
group generated by these elements. (G’ =
{Ix,yllx,y € G) is the commutator subgroup as men-
tioned earlier)

Properties of Commutators and their gener-
ated groups :

if H < G group, G’ =
and x,y € G then

B xy = yx[x, yl.

B H JGiff [H G] < H. (as g~ *hg € H iff
h~g~thg € H)

B ofx,y] = [o(a),o(b)] for any automor-
phism o € Aut(G)

so G’ Char G.

B G/G’ is the largest abelian quotient
group of G i.e. if H < G and G/H is abelian
then G’ < H and conversely if G’ < H
then H < G and G/H is abelian.

(use lattice iso thm for H/G’ < G/G’.)

M restating the preceding point :

if  : G — A is a homomorphism of G to
an abelian group A then G’ < ker(¢)

(x, yllvx,y € G)

let Go = GI Gl = [GI G]I"I Gi+1 = [Gr Gl]
then the chain of groups

Go>G >G> ..

is called the lower central series of G

If ¢ : G — His group homomorphism then

¢(Gn) C Ky

Every group occurring in lower central se-
ries is a characteristic subgroup of G i.e
G; charG.

Group G is nilpotent iff G, = 1 for some
n>o.

More precisely, G is nilpotent class c iff ¢
is the smallest nonnegative integer such that

G. ={1}.

Relation of UCS,LCS and Nilpotency
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Derived Series

For any Group G define G, = G, G(;) =
[G, G] and G(i+1) = [G(i)rG(i)] this series
of subgroups are called derived or commu-
tator series of G

every G(1) Char G

Solvablity and Derived series

B A Group G is Solvable iff G(n) =
some n > 1.

mifH <K G then H(i) <K G(i,) thus if G is
solvable so is are its subgroups

B ¢ : G — K is surjective homomorphism
then ¢ (G(i)) = K(4) thus homomorphic im-
ages and quotient groups of Solvable groups
are solvable.

Bif N < G, N and G/N are solvable then
so is G (use natural projection ¢ : G — G/N so
®(Gn)) =(G/N)(n)=1Ns0o G(n) K N and as N
is solvable this follows)

1 for

Application in
17 | medium order
groups

this sections gives ways to find if a group of
order < 10000 is not simple i.e. does it always
have a non-trivial proper normal subgroup

1. Counting elements

B if |G| = pm for p fm then P € Syl,(G)
imply that every element of P has order
p and by Lagrange theorem different con-
jugates intersect in identity only so num-
ber of elements of order p in G is equal to
np(p—1)

B now after finding elements of order p{s
if we assume that none of these is simple
i.e. np, # 1 then we can add all these ele-
ments of prime order, sometimes these num-
ber add up to > |G| giving a contradiction
that the group is not simple or has some or-




der normal subgroup

W eg |G 105 3.5.7 then if we as-
sume that G is simple the we must have
n; =7, Ny = 21, N, = 15 SO 7.2 = 14 order 3
elements , 21.4 = 84 order 5 and 15 * 6 = 90
order 7 elements so adding up we get 188
elements > |G| so G can never be simple.

2. Exploiting subgroups of small index

B Now if G has a subgroup H of index k
then we can apply group action of G on
cosets of H in G to obtain a homomorphism
from G to symmetric group Sx whose ker-
nel is the largest normal group of G con-
tained in H

B Now if we assume that G is simple then
this kernel ought to be identity thus G is iso-
morphic to a subgroup of Sx by 15 iso thm.
So we have |G||k!

B now if we have k minimal i.e. no integer
less than k satisfies |G|/k! then clearly any
subgroup of index < k should not exist if G
is simple (if so it would mean G = subgroup of Sy
for 1 < k contradicting minimality of k. )

B now if |G| = pi*ps=..ps® for ajs € {1,2}
and p; < P2 <.. <Pps then k= ps

B Now we can assume G is simple and
choose k and some times find a contradic-
tion that there exist a subgroup of G of in-
dex < k thus proving G is not simple

M eg: |G| = 3393 = 3%.13.29 , we have k = 29
so G K S, but we see that n; = 13 and if
for P € Syl;(G) wehave |G: Ng(P)| =13 <
29 a contradiction.

B this method is refinement of preceding we
assume that G < Sy k minimal.

B Here we can show some times that within
S there is no simple group of order n.

B Ristrictions like following allow preced-
ing point to be in discussion: 1. if G con-
tains an element or subgroup of a particular
order so must Sy and

2. if P € Syl,(G) and if P is also Sylow p—

3. Permutation representation

subgroup of Sx then [Ng(P)| must divide
Ns, (P)].

B the 2™¢ point is use full in case if k = p or
p +1 and G has a subgroup of index k

B if the case is as preceding then p* k!
so Sylow p— subgroups of Sy are precisely
generated by p cycles only. So counting
gives: no. of Sylow p— subgroups of Sy
= no. p cycles in Sx / no of p cycles in
each Sylow p— subgroups = n, = (k(k —
1)..(k—(p—1))/p)/p — 1 thus we have
for P € Syl (Sk) then [Ng, (P)| =[Sk|/IG:
Ns, (P) = kI/n, = p(p—1) if kK = p or
P+

B Now if this is the case sometimes we find
that [Ng (P)| ANs, (P)| thus leading to con-
tradiction of G being simple.

B eg : |G| = 396 = 2%.3%.11 if G is simple
we must have ny;1 = 12 so if P € Syl (G)
we have [INg(P)| = |G|/n+11 = 33 s0 G
has a subgroup of index 12 thus we should
have G < S;, but n;; = 11(11 — 1) = 1710
in S;2 and 33 /110 thus G is not simple.
B Important proposition to check for even
order groups:

1. if G has no subgroup of index 2 and
G < Sy then G < Ax

2. If P € Syl,(Sx) for odd prime p then
P € Syl (Ax) and [N a, (P)] = 2[Ng, (Ax)|
B eg: if |G| = 264 = 23.3.11, if G is sim-
ple then n,; = 12 so we have G <K §,,
and by preceding propositions G K Ay
thus if P € Syl,;(G) then [Ng(P) = 22 but
INA,,(P) =11(11 —1)/2 = 55 clearly 22 J65
a contradiction.

4. Playing p— subgroups off against each
other for different primes p

B choose primes p, q such that |G| = pq is
always cyclicie. p Jq—1forp<q

B if G has Q € Syly(G), Q| = q and
PIING (Q)| then by Cauchy’s Theorem on
Ng(Q) gives a group P of order p (P need
not be a Sylow p-subgroup of G) normalising Q
thus PQ is a group, Now we have cho-
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sen p, q as preceding we get PQ abelian so
PQ < Ng(P) so ql[Ng(P)|

B This information is sometimes sufficient
to claim that Ng(P) = G iie. P < G or
make Ng(P) have minimal index smaller
than permitted by permutation representa-
tion to give a contradiction

B eg: if |G| = 1785 = 3.5.7.17, if G is sim-
ple then we must have n,, = 35 so we get
for Q € Syl (G) then Ng(Q) = 3.a17.
Now 3||[Ng(Q) so we have P a Sylow 3-
subgroup of Ng (Q) the as 3|17 — 1 we have
PQ is abelian so we should have that Q <
Ng(P) as P is also a Sylow 3-subgroup
of G i.e. 17||[Ng(P)| thus we cannot have
17||G : Ng(P)| = n3 possible values of
n; = 7,5.17,5,7,17 only and by previous ar-
gument Ny = 7 only, this contradicts the fact
that minimal index is 17.
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5. Studying normalizers of intersections of
Syloy p— subgroups

B Refining the counting argument by open-
ing that restriction that different Sylow p-
subgroups intersect in identity ie. if P €
Syl,(G) and [P| = p%, a > 2 we cannot
use Ny (|P| — 1) counting arguments.

B Now if R,P € Syl,(G) and RNP # 1
then let P, = PN Q by theorems in p-groups
we have P, << Np(P,) and P, < N (P,)
with proper inclusion, Here one can try
Ng(P,) is large enough of has sufficiently
small index in G for a contradiction.

B a special case of preceding argument
arises when |P,| = p®~* the P, is of smallest
prime index in P, R thus normal in both i.e.
P, < P,R thus we can have [Ng(P,)| > p¢
so sometimes leading to a contradiction by
only possibility of Ng (P,) = G

* for a finite group G, |G| = p®m and
if np, #Z 1 (mod p?) then there are two
distinct Sylow p-subgroups of G such that
P N R is of index p in both P,Rie. PNR =
p® " Meg |G| = 1053 = 3%.13 if G was sim-
ple then we must have n; = 13, but 13 Z 1

(mod 3?) so there exists P,R € Syl;(G)
with P, = PN R = 33 thus for N = Ng(P,)
we have N < P,R so N[ > 3% so only possi-
bility is N = G a contradiction.
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